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We studied 4-dimensional non-charged and charged spherically symmetric spacetimes in con-
formal teleparallel equivalent of general relativity. For this aim, we apply the field equations of
non-charged and charged to diagonal and non-diagonal vierbeins and derive their sets of non-linear
differential equations. We investigate in details that the Schwarzschild, for the non-charged
case, and the Reissner-Nordstro¨m, for the charged case, are the only black hole solutions for the
spherically symmetric case in the frame of conformal teleparallel equivalent of general relativity
theory. Our conclusion indicates that the scalar field in the conformal teleparallel equivalent of
general relativity theory has no effect for the spherically symmetric manifold.
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I. INTRODUCTION
The conformal symmetry was introduced by Deser, Dirac and Utyiama [1–3] as a basic construction of the Einstein
General Relativity (GR) theory. Dirac constructed the conformal invariant procedure to the Einstein theory [2]
as a novel variational principle for the action of GR introducing a scalar field, beside the metric components gµν
[4]. The dealing of the conformal gravity was supported by the theory of Ogievetsky [5] which states that “general
relativity-diffeomorphism group can be obtained as the closure of two finite-dimensional groups”.
Conformal symmetry is an important topic to quantize gravity [6]. This symmetry is recognized in modified
constructions of GR, which amendment the small and large scale descriptions of the spacetime. In the small distances
one has to modify the behavior of the gravitational field to formulate a renormalizable and a unitary quantum gravity
theory. At the large scale domains, the modified theories have to give a consistent solution to the dark energy and dark
matter problems. It is shown that a conformal transformation can be carried out in the non-conformally invariant of
the Einstein- Hilbert action so that the conformal factor Ω(x) can be pull out from the metric tensor gµν according
to the formula gµν = Ω(x)gˆµν , which can be thought as extra degree of freedom that we can deal with it as an
independent variable [6]. The quantity gˆµν is not a tensor due to the fact that detgˆ = −1 however, one can show
that the effective theory constructed out of gˆµν is a scale invariant [7]. The conformally invariant Weyl theory, that
is quadratic in curvature tensor, have been extensively studied in the literature [8, 9].
Einstein’s GR is not the only gravitational theory, there is also another gravitational theory, “Teleparallel Equivalent
of General Relativity (TEGR)” that is introduced in the literature by Einstein [10] (for recent reviews on modified
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2gravity theories to explain the so-called dark energy problem, see, e.g., [11–16]). In this theory, the gravitational field
is described by the torsion tensor unlike GR whose gravitational field is described by curvature [17–19]. The main
motivation of TEGR is the fact that within its frame one can define a consistent expression for energy, momentum
and angular-momentum for the gravitational system [20–22].
In the framework of conformal transformation there are two methods to write the gravitational Lagrangian: The
first method is the one in which we add a scalar field to the Einstein-Hilbert action; while in the second method
one has to choose the Lagrangian which is a quadratic term of Weyl tensor. Maluf et al. [23] and Silva et al.
[24] have used the first method to construct a conformal teleparallel theory. Silva et al. [24], in the framework of
conformal TEGR, have shown that for a flat homogenous isotropic spacetime there is an explanation for accelerated
and expanded universe. It is the purpose of the present study to apply the field equation of conformal TEGR theory
to a 4-dimension spherically symmetric spacetime and see what is the effect of the scalar field. We note that the proof
of the Birkhoff-like theorem has been proposed for spherical, vacuum, asymptotically flat Brans-Dicke/scalar-tensor
gravity [25–29].
The structure of this study is as follows. In Section II, we briefly review the conformal teleparallel equivalent
of general relativity (CTEGR) formalism using the tensors definitions and the field equations. In Section III, a
diagonal 4-dimension vierbein field having spherical symmetry is applied to the field equations of CTEGR gravity
to obtain a general neutral black hole solution in 4-dimensions, that is asymptotically flat. In Section IV, a non-
diagonal spherically symmetric vierbein is applied to the CTEGR gravity and a solution similar to the diagonal case
is derived. In Section V, we derived the charged field equations of CTEGR. Also, in Section V, we apply the charged
field equations to the diagonal vierbein field that used in the static case. A general charged solution which is the
only physical solution is derived in Section V. We repeat our terminology to the non-diagonal spherically symmetric
spacetime and solution similar to the diagonal case is derived in section VI. A conclusion of our results is reported in
Section VII.
II. THE CONFORMAL OF TELEPARALLEL EQUIVALENT OF GENERAL RELATIVITY
The teleparallel equivalent of general relativity (TEGR) is prescribed by1 {M , Li}, where M is the 4-dimensional
spacetime and Li (i = 1, 2, 3, 4) are the vectors that defined globally on the spacetime M . The vector fields Li are
considered as the parallel vectors. In the 4-dimension, the parallel vectors are coined as the vierbein or tetrad fields
and their contravariant derivative are vanishing i.e.,
DµLi
ν := ∂µLi
ν + ΓνλµLi
λ = 0, (1)
where differentiation is carried out with respect to the non-symmetric affine connection which is called the Weitzenbo¨ck
connection, Γνλµ, which is defined as [30]
Γλµν := Li
λ ∂νL
i
µ, (2)
and
∂ν :=
∂
∂xν
.
The metric tensor in this geometry is defined as
gµν := ηijL
i
µL
j
ν , (3)
1 In this study we will use the Latin indices i , j , · · · for the tangent spacetime coordinates and the Greek ones α, β, · · · to label the
(co)-frame components.
3with ηij = (+,−,−,−) being the 4-dimensional Minkowski metric. The metricity condition is satisfied as a result of
Eq. (1). The torsion, Tαµν and the contortion, K
µν
α tensors are defined as
Tαµν := Γ
α
νµ − Γαµν = Liα
(
∂µL
i
ν − ∂νLiµ
)
,
Kµνα := −1
2
(T µνα − T νµα − Tαµν) . (4)
The vector of the torsion (contraction of the torsion) is defined as
Tν := T
µ
µν . (5)
The scalar of torsion of the TEGR theory is defined as
T := TαµνSα
µν , (6)
with Sα
µν being the superpotenial tensor which is skew symmetric tensor in its first pair and is defined as
Sα
µν :=
1
2
(
Kµνα + δ
µ
αT
βν
β − δναTβµβ
)
. (7)
The Lagrangian of the TEGR theory is given by
L(Liµ)g = |L|T
2κ
, where L =
√−g, (8)
with κ = 8pi being the coupling gravitational constant.
The Lagrangian (8) is not invariant under the conformal transformations since
L¯aµ = e
ω(x)Laµ, (9)
where ω(x) is an arbitrary. Maluf et al. [23] have investigated that Lagrangian (8) in not invariant under the
transformation (10). Therefore, we should modify Eq. (8) so that it becomes invariant under the transformation (9).
It was shown that the Lagrangian which is invariant under conformal transformation is given by [23]
L(Liµ, φ)g = 2κ|L|
[−φ2T + 6gµν∂µφ∂νφ− 4gµνφ(∂νφ)Tµ]+ Lm, (10)
where φ is a scalar field and Lm is the Lagrangian of the matter fields. The transformation of the scalar field
φ→ φ¯ = e−ω(x)φ,
which makes the Lagrangian (10) invariant. Making the variational principle to the Lagrangian (10) with respect to
the scalar field φ one can get [23]
I ≡ ∂µ(Lgµν∂νφ)− L
6
φR − κ
6
δLm
δφ
= 0, (11)
where the Ricci scalar R can be rewritten as
LR = 2∂ν(LT
ν)− LT.
By the same method if one carry out the variational principle of the Lagrangian density (10) with respect to the
vierbein Laµ one can get [23]
Qaν ≡ ∂α(Lφ2Saνα)− Lφ2(SbανTbαa − 1
4
LaνT )− 3
2
LLaνgβµ∂βφ∂µφ+ 3LL
aµgβν∂βφ∂µφ+ LL
aνgβµTµφ∂βφ
−LφLaβgνµ(Tµ∂βφ+ Tβ∂µφ)− LgβµφT νaµ∂βφ− ∂µ[LgβνLaµφ∂βφ] + ∂ρ[LgβρLaνφ∂βφ]− κ
2
δLm
δLaν
= 0, (12)
4where
δLm
δLaν
= LLaµT
µν .
It is important to stress on the fact that the field equation (12) is reduce to the field equation of TEGR when the
scalar field φ = 1 [31]–[32]. It is also important to note that the trace of Eq. (11) is given by
φ
δLm
δφ
= LT,
with
T = gνµT
νµ, (13)
being the trace of the energy-momentum tensor. Therefore, for the traceless energy momentum tensor the term δLm
δφ
is vanishing identically. In the following sections we are going to study the effect of the scalar field φ on the spherically
symmetric spacetime.
III. SPHERICALLY SYMMETRIC BLACK HOLE SOLUTION: DIAGONAL VIERBEIN
We apply the field equations of CTEGR given by Eqs. (11) and (12) to the spherically symmetric 4-dimensional
spacetime, which directly gives rise to the diagonal vierbein written in the polar coordinate (r, θ, φ, t) as follows
[34–36]:
(Li
µ) =
(
1√
N(r)
, r, r sin θ ,
√
K(r) ,
)
(14)
where N(r) and K(r) are two unknown functions of the radial coordinate r. The metric associated with vierbein (14)
has the form
ds2 = K(r)dt2 − dr
2
N(r)
− dΩ2, where dΩ2 = r2(dθ2 + sin2θdφ2). (15)
Using Eq. (14) into Eq. (4) we get the non-vanishing components of the torsion T abc, the vector of the torsion and
contorsion Kabc in the form2:
T (2)(2)(1) = T (3)(3)(1) =
√
N
r
, T (4)(1)(4) =
√
NK ′
2K
, T (3)(3)(2) =
cot θ
r
,
T(1) = −
4K + rK ′
2rK
, T2 = − cot θ,
K(2)(1)(2) = K(3)(1)(3) =
√
N
r
, K(1)(4)(4) =
√
NK ′
2K
, K(3)(2)(3) =
cot θ
r
. (16)
Using Eq. (16) we get the non-vanishing components of the superpotential in the form:
S(1)(2)(1) = S(4)(4)(2) =
cot θ
2r
, S(4)(4)(1) =
√
N
r
, S(2)(1)(2) = S(3)(1)(3) =
√
N(2K + rK ′)
4rK
.(17)
2 The components of the torsion Tabc is defined as
Tabc = LaµL
b
νL
c
αT
µνα.
Same definition can be applied for the tensors Kµνα and Sµνα. It is important to recall that the torsion and contorsion components
are skew-symmetric in the last two indices while the contorsion is skew symmetric in its first two ones
5Substituting from Eqs. (16) and (17) into Eq. (6), we evaluate the torsion and the Ricci scalars as
T =
2N(K + rK ′)
r2K
, R =
4rK2N ′ − r2NK ′2 + 2r2NKK ′′ + r2KN ′K ′ + 4NK2 − 4K2 + 4rKNK ′
r2K2
. (18)
Using Eqs. (16), (17) and (18) in the field equations (10) and (11) when Tνµ = 0 we get the following non-vanishing
components:
Q(1)r ≡ 3r2NKΦ′2 + 4rNKΦΦ′ + r2NΦK ′Φ′ −KΦ2 +NKΦ2 + rNΦ2K ′ = 0,
Q(2)θ = Q
(3)
φ ≡ Φ2[{2KN ′ + 2NK ′ + rN ′K ′ + 2rNK ′′}K − rNK ′2] + 4KNΦΦ′[2K + rK ′]
+4rK2[N ′ΦΦ′ −NΦ′2 + 2NΦΦ′′] = 0,
Q(4)t ≡ rΦ2N ′ +NΦ2 + 4rNΦΦ′ + r2N ′ΦΦ′ − r2NΦ′2 + 2r2NΦΦ′′ − Φ2 = 0,
I ≡ 4rK2N ′Φ− r2NK ′2Φ+ 2r2NKK ′′Φ + r2KN ′K ′Φ+ 4NK2Φ− 4K2Φ+ 4rNKK ′Φ + 6r2K2N ′Φ′
+24rNK2Φ′ + 6r2NKK ′Φ′ + 12r2NK2Φ′′ = 0, (19)
where N ′ = dN(r)
dr
, K ′ = dK(r)
dr
, Φ′ = dΦ(r)
dr
and Φ′′ = d
2Φ(r)
dr2
. The general solution of the above non-linear differential
equations take the form:
Φ(r) = Φ(r), K(r) =
1
Φ2(r)
+
c1
rΦ3(r)
, N(r) =
(rΦ(r) + c1)Φ(r)
r(Φ(r) + rΦ′(r))2
, (20)
where c1 is a constant of integration.
Now we are going to give a specific value of the scalar field Φ(r) and see what is the related values of the unknown
N(r) and K(r).
First of all, the value Φ(r) = 1
r
, is not allowed since it makes the unknown function N(r) has undefined value.
When Φ(r) = r we get
K(r) =
1
r2
+
c1
r4
, N(r) =
1
4
+
c1
4r2
. (21)
Using Eq. (15) we get
ds2 =
(
1
r2
+
c1
r4
)
dt2 −
(
1
4
+
c1
4r2
)−1
dr2 + r2(dθ2 + sin2 θdφ2). (22)
Equation (22) shows that the above metric has no well-known asymptotic form, i.e., it has not a flat asymptote or
de-Sitter/Anti-de-Sitter. Therefore we must exclude the choice Φ = r.
If we continue in this manner we can show that the only physical solution3 of the above system can be read as:
Φ(r) = 1, N(r) = K(r) = 1 +
c1
r
. (23)
Calculating the metric of solution (23) we get
ds2 =
(
1 +
c1
r
)
dt2 −
(
1 +
c1
r
)−1
dr2 + r2(dθ2 + sin2 θdφ2). (24)
3 We mean by physical solution is the one that has a well known asymptote behavior like the flat spacetime or AdS/dS spacetime.
6Equation (24) shows that the above metric has a flat asymptote and is coincides with Schwarzschild spacetime
provided that the constant c1 = −2m [37]. Therefore, we can conclude that for a diagonally static spherically
symmetric spacetime the CTEGR theory in the vacuum case has no physical solution except the one known in TEGR
which is the Schwarzschild solution. Is the structure of the vierbein given by Eq. (14) responsible for this result? In
the next section we will use a non-diagonal form of a spherically symmetric spacetime and see if the scalar field Φ
will have a non-constant value.
IV. SPHERICALLY SYMMETRIC BLACK HOLE SOLUTION: NON-DIAGONAL VIERBEIN
Now we apply the field equations of CTEGR theory, Eqs. (11) and (12), to the non-diagonal static spherically
symmetric 4-dimensional spacetime, written in the polar coordinate (r, θ, φ, t) as follows [38, 39]:
(
Liµ
)
=


sin θ cosφ√
N(r)
r cos θ cosφ −r sin θ sinφ 0
sin θ sinφ√
N(r)
r cos θ sinφ r sin θ cosφ 0
cos θ√
N(r)
−r sin θ 0 0
0 0 0
√
K(r)


.
(25)
Using Eq. (25) into Eq. (4) we get the non-vanishing components of the torsion T abc, the vector of the torsion and
contorsion Kabc in the form4:
T (1)(2)(1) = T (3)(2)(3) =
sin θ sinφ(1 −
√
N)
r
, T (1)(3)(1) = T (2)(3)(2) =
cos θ(1 −
√
N)
r
,
T (2)(1)(2) = T (3)(1)(3) =
sin θ cosφ(1 −√N)
r
, T (4)(1)(4) =
sin θ cosφ
√
NK ′
2K
,
T (4)(2)(4) =
sin θ sinφ
√
NK ′
2K
, T (4)(3)(4) =
cos θ
√
NK ′
2K
,
T(1) =
4K(1−√N)− r√NK ′
2r
√
NK
,
K(2)(1)(1) = K(2)(3)(3) =
sin θ sinφ(1−√N)
r
, K(3)(1)(1) = K(3)(2)(2) =
cos θ(1 −√N)
r
,
K(1)(2)(2) = K(1)(3)(3) =
sin θ cosφ(1 −√N)
r
, K(1)(4)(4) =
sin θ cosφ
√
NK ′
2K
, K(2)(4)(4) =
sin θ sinφ
√
NK ′
2K
,
K(3)(4)(4) =
cos θ
√
NK ′
2K
. (26)
Using Eq. (26) we get the non-vanishing components of the superpotential in the form:
S(1)(1)(2) = S(3)(3)(2) =
sin θ sinφ(2K(1−√N) + r√NK ′)
4rK
,
S(2)(2)(1) = S(3)(3)(1) =
sin θ cosφ(2K(1−√N) + r√NK ′)
4rK
,
4 The components of the torsion Tabc is defined as
Tabc = LaµL
b
νL
c
αT
µνα.
Same definition can be applied for the tensors Kµνα and Sµνα.
7S(2)(2)(3) = S(1)(1)(3) =
cos θ(2K(1−√N) + r√NK ′)
4rK
, S(4)(1)(4) =
sin θ cosφ(K(1 −√N))
r
,
S(4)(2)(4) =
sin θ sinφ(K(1−√N))
r
, S(4)(3)(4) =
cos θ(1 −√N)
r
. (27)
Substituting from Eq. (14) into Eq. (6), we evaluate the torsion scalar as5.
T =
2(1−√N)(2K(1−√N) + r√NK ′)
r2K
. (28)
Applying Eq. (25) to the field equation (11) when Tµν = 0 we get the same non-vanishing components as in the
diagonal case. Therefore, the same discussion applied in the diagonal case can be applied in this case.
As we see form the above discussion that for the vacuum case and for a spherically symmetric spacetime either
diagonal or non-diagonal the scalar field Φ has no effect. Therefore, we will study the non-vacuum case in the following
sections.
V. A CHARGED SPHERICALLY SYMMETRIC BLACK HOLE SOLUTION: DIAGONAL VIERBEIN
Now we are going to derive the charged field equations of the CTEGR. For this aim, we write the Lagrangian of
the charged case in the form
L(Liµ, φ)g = 2κ|L|
[−φ2T + 6gµν∂µφ∂νφ− 4gµνφ(∂νφ)Tµ]+ Lem, (29)
where Lem = − 12F ∧⋆ F is the Maxwell Lagrangian, with F = dA, and A = Aµdxµ, is the electromagnetic potential
1-form. Carrying out the variational principle to the Lagrangian (29) with respect to the scalar field φ we get the same
equation obtained in the non-charged case, i.e., Eq. (11) where δLm
δφ
= 0 since the trace of the energy-momentum
tensor of the Maxwell field is vanishing
I ≡ ∂µ(Lgµν∂νφ) − L
6
φR = 0. (30)
Now let us making the variational principle of the Lagrangian density (29) with respect to the vierbein Laµ we obtain
[23]
Qaν ≡ ∂α(Lφ2Saνα)− Lφ2(SbανTbαa − 1
4
LaνT )− 3
2
LLaνgβµ∂βφ∂µφ+ 3LL
aµgβν∂βφ∂µφ+ LL
aνgβµTµφ∂βφ
−LφLaβgνµ(Tµ∂βφ+ Tβ∂µφ)− LgβµφT νaµ∂βφ− ∂µ[LgβνLaµφ∂βφ] + ∂ρ[LgβρLaνφ∂βφ]
−κΦ
2
2
(LaρFραF
να − 1
4
LaνFαβF
αβ) = 0. (31)
Finally, making the variational principle of the Lagrangian (29) with respect to the gauge potential A we get
Eµ ≡ ∂ν
(√−gΦFµν) = 0. (32)
It is important to note the fact that the field equations (30), (31) and (32) are reduced to the field equations of
Maxwell-TEGR when the scalar field Φ = 1 [37, 39].
Applying the field equations (30), (31) and (32) to the 4-dimensional spacetime of Eq. (14), after using Eqs. (16),
(17), (18) and the following form of the gauge potential
A = h(r)dt, (33)
5 The Ricci scalar of the spacetime (25) is the same as given by Eq. (18).
8we finally, get the following non-vanishing components:
Q(1)r = 3r
2NKΦ′2 + 4rNKΦΦ′ + r2NΦK ′Φ′ −KΦ2 +NKΦ2 + rNΦ2K ′ − 4pir2Nh′2Φ2 = 0,
Q(2)θ = Q
(3)
φ = Φ
2[{2KN ′ + 2NK ′ + rN ′K ′ + 2rNK ′′}K − rNK ′2] + 4KNΦΦ′[2K + rK ′]
+4rK2[N ′ΦΦ′ −NΦ′2 + 2NΦΦ′′] + 16pirNKh′2Φ2 = 0,
Q(4)t = rKΦ
2N ′ +NKΦ2 + 4rNKΦΦ′ + r2KN ′ΦΦ′ − r2KNΦ′2 + 2r2KNΦΦ′′ −KΦ2 − 4pir2Nh′2Φ2 = 0,
I = 4rK2N ′Φ− r2NK ′2Φ + 2r2NKK ′′Φ + r2KN ′K ′Φ+ 4NK2Φ− 4K2Φ+ 4rNKK ′Φ+ 6r2K2N ′Φ′
+24rNK2Φ′ + 6r2NKK ′Φ′ + 12r2NK2Φ′′ = 0,
Et ≡ 2rNKh′Φ′ − rNh′K ′Φ + rKN ′h′Φ+ 2rNKh′′Φ + 4NKh′Φ = 0, (34)
where h′ = dh
dr
.
The above system of non-linear differential equation, Eq. (34), reduces to the system of non-charged, Eq. (19),
when the gauge potential h(r) = 1. Also Eq. (34) reduces to the system of Maxewll-TEGR theory when Φ = 1 [37].
The above differential equations, Eq. (34), have the following general solution
9Φ(r) = Φ(r), h(r) = c2 + c3
∫
(rΦ′ +Φ)
r2Φ3
dr,
N(r) =
c4
r4Φ′2 + 2r3ΦΦ′ + r2Φ2
∫
r4Φ′2 + 2r3ΦΦ′ + r2Φ2
r2(rΦ′ +Φ)
dr +
c5
r2(rΦ′ +Φ)2
− 2
r2(rΦ′ +Φ)2
∫ [
(rΦ′ +Φ)
(∫
rΦ′dr +
∫
Φdr
)]
dr −
(∫
rΦ′dr +
∫
Φdr
)∫
(rΦ′ +Φ)dr,
K(r) = −
∫
[2(rΦ′ +Φ)(
∫
rΦ′dr +
∫
Φdr)]dr − (2 ∫ rΦ′dr + 2 ∫ Φdr + c3) ∫ (rΦ′ +Φ)dr + c5
r2Φ4[2
∫
(rΦ′ +Φ)(
∫
rΦ′dr +
∫
Φdr)dr + (2rΦ− 2 ∫ rΦ′dr − 2 ∫ Φdr − c4) ∫ (rΦ′ +Φ)dr +Φ2r2 − rΦc3 + c5] .
(35)
Equation (35) shows that the solution of the non-linear differential equations given by Eq. (34) can not determine
the unknown functions Φ, K(r), N(r) and h(r) in an explicate form. Therefore, we are going to see what is the best
value of the arbitrary function Φ that makes the above solution is a physical one.
Now let use assume Φ has the following value
Φ(r) =
1
r
, (36)
then using Eq. (36) in (35) we get
h(r) = c2, N(r) = undefined, K(r) =
c5r
2
(1− c3 + c4) . (37)
The above solution is not a physical one since the unknown function N(r) is not defined therefore we must exclude
the choice of Φ(r) given by Eq. (36).
Now let use choice
Φ(r) = r. (38)
Using Eq. (38) in (35) we get
h(r) = c2 − 2c2
3r3
, N(r) =
1
4
+
c3
4r2
+
c4
4r4
, K(r) =
1
c3r2
+
c5
c3r4
+
1
r6
. (39)
Calculating the metric of solution (39) we get
ds2 =
(
1
c3r2
+
c5
c3r4
+
1
r6
)
dt2 −
(
1
4
+
c3
4r2
+
c4
4r4
)−1
dr2 + r2(dθ2 + sin2 θdφ2). (40)
As we discussed before, equation (40) shows that the above metric has no well-known asymptotic form. Therefore we
must exclude also the choice Φ = r.
Finally, if Φ = 1 then the above system can be read as:
Φ(r) = 1, q(r) = c2 − c3
r
, N(r) = K(r) = 1 +
c4
r
+
c3
r2
. (41)
Calculating the metric of solution (41) we get
ds2 =
(
1 +
c4
r
+
c3
r2
)
dt2 −
(
1 +
c4
r
+
c3
r2
)−1
dr2 + r2(dθ2 + sin2 θdφ2). (42)
As we discussed before, equation (42) shows that the above metric has a flat asymptote and is coincides with Reissner-
Nordstro¨m spacetime provided that the constant c4 = −2m and c3 = q [37].
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VI. A CHARGED SPHERICALLY SYMMETRIC BLACK HOLE SOLUTION: NON-DIAGONAL
VIERBEIN
Applying the field equations (30), (31) and (32) to the 4-dimensional spacetime of Eq. (25), after using Eqs. (26),
(27), (28) and the gauge potential (33) we get the same non-linear differential equation (34). Therefore, the same
discussion carried out in the charged diagonal vierbein can also be done here.
VII. CONCLUSIONS
In this study, we address the problem of finding spherically symmetric black hole solutions in the frame of CTEGR
gravitational theory. To aim this task, we apply the field equations of the CTEGR theory to a diagonally spherically
symmetric spacetime. We derive the full system of the non-linear differential equations. We derive an analytic solution
of this system. This analytic solution investigates in a clear way that the only physical solution that can be derived
is achieved when the scalar field equal one, i.e., Φ(r) = 1. This means that the conformal TEGR theory is identical
with TEGR theory for the spherically symmetric spacetime.
To give a concrete conclusion if these result is always satisfied for the vacuum spherically symmetric spacetime we
use a non-diagonal vierbein that has a spherically symmetric spacetime. We follow the same terminology used in the
diagonal case and have derived the non-linear differential. We have solved this system and have derived an analytic
solution identical with the diagonal case. Therefore, we can conclude that for any spherically symmetric spacetime,
the only vacuum black hole solution is identical with the TEGR solution.
To see if this result is always satisfied, we study non vacuum solution. For this aim, we have derived the charged
conformal TEGR field equations. We have applied these field equations to the diagonal spherically symmetric space-
time and have derived the system of differential equations. We have solved this system and have derived an analytic
solution. Like the vacuum case we have investigated in details that the only physical solution of this system is the
Ressiner-Nordstro¨m spacetime with a trivial value of the scalar field Φ(r) = 1. If we repeat the same procedure to the
non-diagonal vierbein and apply the charged CTEGR to this vierbein we get the same results of the diagonal charged
case. It is of interest to note that if we study the non-linear electrodynamics in the frame of CTEGR theory we will
reach the same conclusion that the scalar field Φ will be trivial to get a physical solution.
Therefore, we can conclude that the only spherically symmetric black hole solutions in the frame of CTEGR for non-
charged and charged are identical with the TEGR black hole solutions with trivial value of the scalar, i.e. Φ(r) = 1.
This indicates in a clear way that the scalar field Φ in the CTEGR theory has no effect for any spherically symmetric
spacetime.
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